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| S | Abstract 

| | Random key graphs are random graphs induced by the ran- 

J> ■ dom key predistribution scheme of Eschenauer and Gligor under 

0^ . the assumption of full visibility. For this class of random graphs 

we show the existence of a zero-one law for the appearance of 

£^ ■ triangles, and identify the corresponding critical scaling. This is 

, done by applying the method of first and second moments to the 

y— l ' number of triangles in the graph. 
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c5 ■ 1 Introduction 

Random key graphs are random graphs that belong to the class of random 
intersection graphs [13]; in fact they are sometimes called uniform random 
intersection graphs by some authors [7]. They have appeared recently 
in application areas as diverse as clustering analysis [H [7J, collaborative 
filtering in recommender systems [10] and random key predistribution for 
wireless sensor networks (WSNs) [3]. In this last context, random key graphs 
naturally occur in the study of the following random key predistribution 
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scheme introduced by Eschenauer and Gligor [2J: Before deployment, each 
sensor in a WSN is independently assigned K distinct cryptographic keys 
which are selected at random from a pool of P keys. These K keys constitute 
the key ring of the node and are inserted into its memory. Two sensor 
nodes can then establish a secure link between them if they are within 
transmission range of each other and if their key rings have at least one key 
in common; see [3J for implementation details. If we assume full visibility, 
namely that nodes are all within communication range of each other, then 
secure communication between two nodes requires only that their key rings 
share at least one key. The resulting notion of adjacency defines the class of 
random key graphs; see Section [2] for precise definitions. 

Much efforts have recently been devoted to developing zero-one laws for 
the property of connectivity in random key graphs. A key motivation can be 
found in the need to obtain conditions under which the scheme of Eschenauer 
and Gligor guarantees secure connectivity with high probability in large 
networks. An interesting feature of this work lies in the following fact: 
Although random key graphs are not equivalent to the classical Erdos-Renyi 
graphs [3], it is possible to transfer well-known zero-one laws for connectivity 
in Erdos-Renyi graphs to random key graphs by asymptotically matching 
their edge probabilities. This approach, which was initiated by Eschenauer 
and Gligor in their original analysis [JJ, has now been validated rigorously; 
see the papers [U [21 [121 E3 CE] for recent developments. Furthermore, 
Rybarczyk [12] has shown that this transfer from Erdos-Renyi graphs also 
works for a number of issues related to the giant component and its diameter. 

In view of these successes, it is natural to wonder whether the transfer 
technique can be applied to other graph properties. In particular, in the 
literature on random graphs there is a long standing interest [3 El El HU H3] 
in the containment of certain (small) subgraphs, the simplest one being the 
triangle. This last case has some practical relevance since the number of 
triangles in a graph is closely related to its clustering properties [18] . With 
this in mind, we study the zero-one law for the existence of triangles in 
random key graphs and identify the corresponding critical scaling. 

From these results we easily conclude that in the many node regime, 
the expected number of triangles in random key graphs is always at least 
as large as the corresponding quantity in asymptotically matched Erdos- 
Renyi graphs. For the parameter range that is of practical relevance in 
the context of WSNs, this expected number of triangles can be orders of 
magnitude larger in random key graphs than in Erdos-Renyi graphs, a fact 
also observed earlier via simulations in [2]. As a result, transferring results 
from Erdos-Renyi graphs by matching their edge probabilities is not a valid 
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approach in general, and can be quite misleading in the context of WSNs. 

The zero-one laws obtained here were announced in the conference paper 
|17j . The results are established by making use of the method of first and 
second moments to the number of triangles in the graph. As the discus- 
sion amply shows, the technical details, especially for the one-law, are quite 
involved, and an outline of the proofs can be found in [IT]- In line with 
developments currently available for other classes of graphs, e.g., Erdos- 
Renyi graphs [HJ Chap. 3] and geometric random graphs [TTJ Chap. 3], 
it would be interesting to consider the containment problem for small sub- 
graphs other than triangles other than triangle in the context of random key 
graphs. Given the difficulties encountered in the case of This is likely to be 
a challenging problem given the difficulties encountered in the simple case 
of triangles. 

The paper is organized as follows: In Section [2] we formally introduce the 
class of random key graphs while in Section [3] we present the main results 
of the paper given as Theorem 13.11 and Theorem 13.21 Section U] compares 
these results with the corresponding zero-one law in Erdos-Renyi graphs. 
The zero-one laws are established by an application of the method of first 
and second moments, respectively [HJ p. 55]. To that end, in Section [5j 
we compute the expected value of the number of triangles in random key 
graphs. Asymptotic results to be used in the proofs of several results are 
then collected in Section [6] for easy reference. In Section [J. 11 we give a proof 
of the zero-law (Theorem 13. ip while an outline for the proof of the one-law 
(Theorem I3.2|) is provided in Section 17.21 The final sections of the paper, 
namely Sections [HJ through IT2l are devoted to completing the various steps 
of the proof of Theorem 13.21 Additional technical derivations are given in 
Appendices EJ [B] and O 

A word on the notation and conventions in use: All limiting statements, 
including asymptotic equivalences, are understood with n going to infinity. 
The random variables (rvs) under consideration are all defined on the same 
probability triple (fi, JF, P). Probabilistic statements are made with respect 
to this probability measure P, and we denote the corresponding expectation 
operator by E. The indicator function of an event E is denoted by 1 [E] . 
For any discrete set S we write \S\ for its cardinality. 

2 Random key graphs 

The model is parametrized by the number n of nodes, the size P of the key 
pool and the size K of each key ring with K < P. We often group the 
integers P and K into the ordered pair 9 = (K, P) in order to simplify the 
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notation. Now, for each node i = 1, . . . , n, let Ki{6) denote the random set 
of K distinct keys assigned to node i and let V be the set of all keys. The 
rvs K\{6), . . . , K n {9) are assumed to be i.i.d. rvs, each of which is uniformly 
distributed with 

F[Ki(9) = S\=(C\ , i = l,...,n (1) 

for any subset S of V which contains exactly K elements. This corresponds 
to selecting keys randomly and without replacement from the key pool. 

Distinct nodes i,j = 1, . . . ,n are said to be adjacent if they share at 
least one key in their key rings, namely 

Ki(0) n Kj(9) ^ 0, (2) 

in which case an undirected link is assigned between nodes i and j. The 
resulting random graph defines the random key graph on the vertex set 
{1, . . . , n}, hereafter denoted K(n; 9). 

For distinct i,j = 1, . . . , n, it is easy to check that 

¥[K i (e)nK j (e) = $] = q (e) (3) 

with 

if P <2K 

(4) 



q(9) := 



if 2K < P, 



(k) 

whence the probability of edge occurrence between any two nodes is equal 
to 1 — q(0). The expression given in @ is a simple consequence of the often 
used fact that 

(P-\S\) 

F[snK i (e) = m] = ^-l, i = l,...,n (5) 

for every subset S of {1, . . . , P} with \S\ < P - K. Note that if P < 2K 
there exists an edge between any pair of nodes, so that K(n; 0) coincides with 
the complete graph K n . Also, we always have < q(9) < 1 with q{9) > if 
and only if 2K < P. 



3 The main results 

Pick positive integers K and P such that K < P. Fix n = 3, 4, . . . and for 
distinct i,j, k = 1, . . . , n, define the indicator function 

Xn,ijk(G) '■= 1 [Nodes i,j and k form a triangle in lK(n; 9)] . 
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The number of (unlabelled) triangles in K(n; 6) is simply given by 

Tn{9) := Y, Xn,iik{0) (6) 

(ijk) 

where 2^(jjfc) denotes summation over all distinct triples ijk with 1 < i < 
j < k < n. The event T(n, 6) that there exists at least one triangle in 
K(n; 0) is then characterized by 

T(n, 9) := [T n (9) > 0] = [T n (9) = 0] c . (7) 

The main result of the paper is a zero-one law for the existence of trian- 
gles in random key graphs. To state these results we find it convenient to 
make use of the quantity 

K 3 /K 2 \ 3 



r{6) := -j* + [~p ) , = (K,P) (8) 

with positive integers K and P such that K < P. For simplicity of exposition 
we refer to any pair of functions P, K : No — ► No as a scaling provided the 
natural conditions 

K n <P n , n = 2,3,... (9) 
are satisfied. The zero-law is given first. 

Theorem 3.1 For any scaling P, K : No — >• No, we have the zero-law 

lim F[T(n,9 n )] = (10) 

n— too 

under the condition 

lim n 3 r(6» n ) = 0. (11) 

n— >oo 

The one-law given next assumes a more involved form. 

Theorem 3.2 For any scaling P, K : No — > No for which the limit Imin^^ q(9, n 
q* exists, we have the one-law 

lim F[T(n,e n )} = 1 (12) 

n— »oo 

either if < q* < 1 or if q* = 1 under the condition 

lim ?i 3 r(6> n ) = oo. (13) 
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Theorem 13.11 and Theorem 13.21 will be established by the method of 
first and second moments, respectively [SJ p. 55], applied to the count 
variables defined at ([6]). To facilitate comparison with Erdos-Renyi graphs, 
we combine Theorem 13.11 and Theorem 13.21 into a symmetric, but somewhat 
weaker, statement. 



Theorem 3.3 For any scaling P, K : No — > No for which lin^^oo q(9 n ) = 1, 
we have 



lim P [T(n; 6 ri 



if lim r , 

1 if linir, 



n 3 r(0 n ) = 
n 3 r(6 n ) = oo. 



(14) 



4 Comparing with Erdos-Renyi graphs 

In this section we compare Theorem 13.31 with its analog for Erdos-Renyi 
graphs. First some notation: For each p in [0,1] and n = 2,3,..., let 
G(n;p) denote the Erdos-Renyi graph on the vertex set {1, . . . , n} with edge 
probability p. In analogy with © and (J7J) let T n (p) denote the number of 
(unlabelled) triangles in G(n;p), and define T(n,p) as the event that there 
exists at least one triangle in G(n;p), i.e., T(n,p) = [T n (p) > 0]. we also 
refer to any mapping p : No — > [0, 1] as a scaling for Erdos-Renyi graphs. 
The following zero-one law for connectivity in Erdos-Renyi graphs is well 
known [3]. 

Theorem 4.1 For any scaling p : No — > [0, 1], we have 

{0 if lim^oo n 3 T*(p n ) = 
(15) 
1 if lim n ^oo n 3 T*(p n ) = oo 

where 

T*(p):=p 3 , p€[0,l]. (16) 



As this result is also established by the method of first and second mo- 
ments, its form is easily understood once we note that 

E[T n (p)] = ( n )r*(p), 0< P <1 (17) 
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for all n = 3, 4, 

As mentioned earlier, random key graphs are not equivalent to Erdos- 
Renyi graphs even when their edge probabilities are matched, i.e., G(n; p) ^ s t 
K(n; 9) with p = 1 — q(0); see |17] for a discussion of similarities. However, 
in order to meaningfully compare the zero-one law of Theorem 14.11 with that 
contained in Theorem 13. 3^ we say that the scaling p : No — > [0, 1] (for Erdos- 
Renyi graphs) is asymptotically matched to the scaling P, K : No — > No (for 
random key graphs) if 

Pn~l- q{6 n ). (18) 

This is equivalent to requiring that the expected average degrees are asymp- 
totically equivalent. Under the natural condition limn^oo q(9 n ) = 1, the 
matching condition (|18p amounts to 



K 2 

Pn 



(19) 



by virtue of Lemma 16.11 

The definitions readily yield 



whence 



1 + (20) 



T*(Pn) ^ 

under (|19p . By Proposition 16.21 this last statement is equivalent to 

E[T n (p n )]~ + K3 ^ > 

as we make use of the expressions (fT7|) and (j30j) . In other words, for large n 
the expected number of triangles in random key graphs is always at least as 
large as the corresponding quantity in asymptotically matched Erdos-Renyi 
graphs. 

In the context of WSNs, it is natural to select the parameters K n and 
P n of the scheme of Eschenauer and Gligor such that the induced random 
key graph is connected. However, there is a tradeoff between connectivity 

i—i K 2 

and security [2]. This requires that -p^ be kept as close as possible to the 

critical scaling for connectivity; see the papers [U EJ [T2l HSJ [16] . In the 
desired near boundary regime, this amounts to 

-P-~ C -— (22) 
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with c > 1 but close to one, and from (1211) we see that 



E[r n (e n )] 

E[T n (p n )] 



1 if and only if K n 3> . 

log n 



(23) 



The expected number of triangles in random key graphs is then of the same 
order as the corresponding quantity in asymptotically matched Erdos-Renyi 
graphs with K[T n (6 n )] ~ E [T n (p n )] ~ ^-(logn) 3 . This conclusion holds 
regardless of the value of c in ([22]) . 

However, given the limited memory and computational power of the 
sensor nodes, the key ring sizes at (j23[) are not practical. In addition, they 
will lead to high node degrees and this in turn will decrease network resiliency 
against node capture attacks. Indeed, in [21 Thm. 5.3] it was proposed that 



A",, 



security in WSNs be ensured by selecting K n and P n such that -p 
requirement which then leads to 



~ -, a 



A",, 



~ c 



under 



, and (|2"Tj) implies 

E[T n 



lim 

n— oo E [T n (p. 



n I 



lim 

n— >oo 



log n 



1 + 



(c • logn) 5 



oo. 



(24) 



(25) 



Hence, for realistic WSN scenarios the expected number of triangles in the 
induced random key graphs can be orders of magnitude larger than in Erdos- 
Renyi graphs. This provides a clear example where transferring known re- 
sults for Erdos-Renyi graphs to random key graphs by asymptotically match- 
ing their edge probabilities can be misleading. 



5 Computing the first moment 

With positive integers K and P such that K < P, define 
(3(6) :=(l-q{0)) 3 + q(9f-q{0)r{0) 

where we have set 

'0 if P < 3K 

r{6) := < 



l (k) 



(26) 



(27) 



if 3K < P. 



Direct inspection shows that 



r{6) < q{6f 



(28) 
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whence 

/3(0)>(1-^)) 3 >O. (29) 
Lemma 5.1 For positive integers K and P such that K < P, we have 

E[T n (e))=(fjP(9), n = 3,4,... (30) 



To help deriving (|30p we introduce the events 

A{9) := [KxiO) n K 2 (9) £ 0] n [K x {e) n K z {9) + 0] (31) 

and 

B{9) := [Kxifi] n K 2 (9) ^ 0] n [ifi(0) D tf 3 (0) + 0] n [ir 2 (0) D tf 3 (0) # 0] 

= ^)n^(0)ni(3(^| (32) 

The event A(9) captures the existence of edges between node 1 and the pair 
of nodes 2 and 3, respectively, in K(n; 9), while B(9) is the event where the 
nodes 1, 2 and 3 form a triangle in 9). 

Lemma 5.2 77ie probability of the event A{9) is given by 

P [A(9)} = (1 - q{9)f. (33) 



In the proof of Lemma [5.2l (as well as in other proofs) we omit the explicit 
dependence on 9 when no confusion arises from doing so. 

Proof. Under the enforced independence assumptions we note that 

P [A(9)\ = F i K i = S > S n /f 2 + 0> S n K 3 + 0] 

\S\=K 

= Y p [^i = 5 ] p I s n K * / 0] p [S n k 3 / 0] 

= (l-^)) 2 (34) 
as we make use of © with Yl\s\=K ^ [-^l = 51 = 1- ■ 
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In many of the forthcoming calculations we make repeated use of the 
fact that for any pair of events, say E and F, we have 

P [E n F] = F [E] - F [E n F c ] . (35) 

In particular, we can now conclude from Lemma 15.21 that 

P [Ki(9) n K 2 {6) = 0, Kx(9) n K 3 (8) + 0] 
= P [K x (8) n K 2 (9) + 0, Kx(0) n K 3 (9) = 0] 
= q(9)(l-q(9)) (36) 

and 

P [Kx(8) n i<T 2 (0) = 0, Kx(9) n tf 3 (0) = 0] = <z(#) 2 . (37) 
These facts will now be used in computing the probability of B(8). 

Lemma 5.3 With (3(9) given at (26j) we have 

F[B(8)}=(3(8). (38) 



Proof. Repeated use of ([35]) yields 

P [B(9)} = F [K\ n K 2 + 0, Ki n K 3 ^ 0] 

- P [K x n K 2 ± 0, K x n A' 3 / 0, K 2 D K 3 = 0] 

= p [A(0)] -F[K 1 nK 2 ^ 0, #2 n ^3 = 0] 

+ P [Kx n K 2 ^ 0, Kx n A" 3 = 0, K 2 n #3 = 0] 

= (1 - q(9)f - q(9)(l - q(9)) + P [K\ HK 3 = $, K 2 HK 3 = 0] 

-F[KxHK 2 = 0, n K 3 = 0, K 2 nK 3 = 0] 
= (l-?(0)) 2 -#)(l-#)) + g(0) 2 

- P [Kx n K 2 = 0, Kx nK 3 = 0>, K 2 nK 3 = 0] (39) 

as we recall ([33]), (ESD and l|37j). 
By independence we get 

P [Kx n K 2 = 0, n K 3 = 0, ^ n K 3 = 0] 
= P [Kx n K 2 = 0, (Ki U # 2 ) n K 3 = 0] 

^ P [Kx = S, K 2 = T] F [(S U T) n A' 3 = 0] 

|S| = |T|=_ftT,SnT=0 

]T p[K 1 = 5,K 2 = r]T(0) 

|5|=|T|=JC,5nT=0 

= P [Kx n K 2 = 0] • r(0) (40) 
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by invoking ([5]) (since \S U T| = 2K under the constraints \S\ = \T\ = K 
and SCiT = 0). Thus, 

P [B(6)] = (1 - g(0)) 2 - #)(1 - q(0)) + </(0) 2 - #)r(0), 

and the desired result follows upon noting the relation 

(1 - q(9)) 2 - q(6)(l - q(6)) + q(6) 2 = (1 - q(6)) 3 + q(6) 3 . 



The proof of Lemma 15.11 is now straightforward: Fix n = 3,4, . . .. Ex- 
changeability yields 

E[T n (0)]= (f\E[ Xn M0)] (41) 
and the desired conclusion follows as we make use of Lemma 



6 Some useful asymptotics 

In this section we collect a number of asymptotic results that prove useful 
in establishing some of the results derived in this paper. The first result was 
already obtained in [16]. 



Lemma 6.1 For any scaling P, K : No — > No, we have 

lim q(9 n ) = 1 (42) 

n— >oo 

if and only if 

K 2 

lim -a = 0, (43) 
n— >oo t J n 

and under either condition the asymptotic equivalence 

1 " #n) ~ ^ (44) 

ho]ds. 

Since 1 < K n < K n 2 for all re = 1, 2, . . ., the condition (|43p implies 

lim ^ = (45) 

n—foo P n 
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and 

lim P n = oc. (46) 

n— >oo 

so that for any c > 0, we have 

cK n < P n (47) 

for all n sufficiently large in No (dependent on c). 

The following asymptotic equivalence will be crucial to stating the results 
in a more explicit form. 

Proposition 6.2 For any scaling P, K : No — ► No satisfying PI2\) - flS\) , we 

nave the asymptotic equivalence 

P(9n) ~ r(0„). (48) 



Proof. From (p6|) . we get 

r(0„) 



^„) = (i-«(W+?(e„r i 



7 2 (^n), 

Under the enforced assumptions Lemma 16 . 1 1 already implies 



with q(0 n ) 3 ~ 1- It is now plain that the equivalence (|48p will hold if we 
show that 

r(0 n ) Kl , . 

1 ~ — (49) 

This key technical fact is established in Appendix El ■ 

The final result of this section also relies on Lemma 16. 11 and will prove 
useful in establishing the one-law. 



Proposition 6.3 For any scaling P, K : No — ► No satisfying Ij42)) -(I43| ) . we 

have 

lim n 2 (l - q(0 n )) = oo (50) 



provided the condition M3\) holds. 
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Proof. Consider a scaling P, K : No — ► No satisfying (H2j) - (fl3j) . By Lemma 
6.11 the desired conclusion (|50p will be established if we show 

K 2 

lim n 2 — — = oo . (51) 



K 3 fK 2 ^ 

- 1 1 rt / n 



As condition (|T3() reads 

lim n 3 I ^ + ( ^ ) I =oo, 



P 2 \ P 

we immediately get f)51 [) from it by virtue of the trivial bounds 
n ,(KV = (nKl\\(n 2 K 2 n ^ 



PI \ P I \ P 

ft / \ 1 n J \ 1 n 



and 

^ Aj! a K^, ( n 2 K 2 \ 



p2 — p2 \ P 



L ft 



n 



valid for all n = 1, 2, . 



Proposition 16.31 will be used as follows: Pick a > and b > 0, and 
consider a scaling P, K : No — > No satisfying (fl2j) - (fl3j) . For each n = 2, 3, . . ., 
we get 

1 (l-q(9 n )) a < 1 (l-q(6 n )) a 



v 



P($„)> ~ n 2 (l-,(e„)) 3 > 



= nni-^„)) -"-^" )ra+ ' <52) 

Therefore, under condition (fT3j) Proposition 16.31 yields 

lim -I - {1 ~j} 6 ^ r =0 ifa-36 + l>0 (53) 
as we make use of 
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7 Proofs of Theorem 13.11 and Theorem 13.21 
7.1 A proof of Theorem 13.11 

Fix n = 3, 4, . . ., An elementary bound for N- valued rvs yields 



'[T n (0 n ) >0] <E[T n (0 n )] 



n 



so that 



The conclusion (|1U|) follows if we show that 



[T(n,6 n )] < o W6 n ) 



lim 

n— >oo \ 3 



n 



P(9n) = 



(54) 
(55) 

(56) 



under (jlT|) , 

The condition lim n ^ 00 n 3 r(6* n ) = implies linin^oo r(0 n ) = and (j4"3"j) 
automatically holds. By Proposition 16.21 we conclude (3{9 n ) ~ r(# n ), whence 
n 3 /3(8 n ) ~ n 3 r(# n ), and condition (flT]) is indeed equivalent to ([56]) since 

(3) ~ T- 

7.2 A proof of Theorem I3T21 

Assume first that satisfies < q* < 1. Fix n = 3,4,... and partition 
the n nodes into the k n + 1 non-overlapping groups (1,2,3), (4,5,6), 
(3k n + 1, 3fc n + 2, 3fc n + 3) with k n = L^^pJ • If K(n; # n ) contains no triangle, 
then none of these k n + 1 groups of nodes forms a triangle. With this in 
mind we get 



< 



■J — 0] 

kn 



n 

i=0 



Nodes 3£ + 1, 3£ + 2, 3£ + 3 do not form 
a triangle in K(n; 6 n ) 



n> 

£=0 



Nodes U + 1, 3€ + 2, 3£ + 3 do not form 
a triangle in K(n; #„,) 

= (i-/3(0 n ))^ +1 

< (i-(i- q (6 n )f) kn+1 

< e -(kn + l)(l-q(e n ))\ 



(57) 

(58) 
(59) 
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Note that (|57p follows from the fact that the events 



Nodes 3£ + l,M + 2,U + 3 do not form 
a triangle in K(n; 6 n ) 



£ = 0, 



are mutually independent due to the non-overlap condition, while the in- 
equality (|5"5j) is justified with the help of ([2T?]) . Let n go to infinity in the 
inequality ([59]) . The condition q* < 1 implies linv^oo P [T(n, 9 n ) c ] = since 
k n ~ § so that lim n ^ 00 (fc n + 1)(1 — q(0 n )) 3 = oo. This establishes (fT2j) . 

To handle the case g* = 1, we use a standard bound which forms the 
basis of the method of second moment |Sj, remark 3.1, p. 55]. Here it takes 
the form 

|||£<P 1 T„( () „)>0], „ = 3.4,... (00) 

It is now plain that (112j) will be established in the case q* = 1 if we show 
the following result. 

Proposition 7.1 For any scaling P, K : No — > No satisfying |[32j) - ifl3]) . we 

nave 

lim 1 " v ; J = 1 61 
' E[T n (^)] 2 



n— >oo 



under the condition (T73|) . 

The remainder of the paper is devoted to establishing Proposition 17.11 
As will soon become apparent this is a bit quite more involved than expected. 

8 Computing the second moment 

A natural step towards establishing Proposition 17.11 consists in computing 
the second moment of the count variables ([6]). 

Proposition 8.1 For positive integers K and P such that K < P, we have 
E[T n (9) 2 } =E[T n (9)} + ( ] -E[T n (e)} 2 (62) 



+ (3) J 3 ) -nXnMG)XnMS)\ 
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for all n = 3, 4, . . . with 



E[Xn,123(0)Xn,124(0)] 

= -(1 -q{9)f + 2(1 -q{9)f(i{9) 

1 K 

- (1 - q (6)f) 2 + Ck(0) ~ <l(0) 4 (63) 



where we have set 



QfcW := Kk) )p' k) ■l [ ,1 ' ) , fc = 0,l,...,K (64) 
lid V lid / 



A careful inspection of the definition (|B.10|) given for the quantities (|64p 
yields the probabilistic interpretation 

c k (0)=W[\K 1 {e)nK 2 (9)\ = k,(K 1 (9)UK 2 (9))nK i (9)=$, i = 3,4] 

(65) 

for each = 0, 1, . . . , K. 

Proof. Consider positive integers K and P such that K < P and fix 
n = 3, 4, . . .. By exchangeability and by the binary nature of the rvs involved 
we readily conclude that 

(ijk) (abc) 

= E[T n (0)] 

+ (3) (2) ("i 3 )nXn,U3(9)XnM0)} 
+ (3) (J) ("^^[Xn.mWXn,^ 
+ fol (" o 3 V [Xn,123(e)Xn,456(e)] • (66) 



3J\ 3 

Under the enforced independence assumptions the rvs Xn, 123(0) and 
Xn,456(9) are independent and identically distributed. As a result, 

E [Xn,123(e)Xn,456(fl)] = E [Xn,12 3 (0)] E [Xn,456^)] = P(0) 2 
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so that 



n \ I n 



3W, .__, fl M_(Y) 



y E [Xn,123(e)Xn,456(e)] = ^ " E [T n (#)] 2 (67) 

as we make use of the relation (f30|) . 

On the other hand, we readily check that the indicator rvs Xn,i23(#) and 
Xn,i45($) are independent and identically distributed conditionally on K\(9) 
with 

IP [Xn,12 3 (0) = = S] = P [Xn,12 3 (0) = 1] = W), S € P*. 

A similar statement applies to Xn,i45(#), and the rvs Xn,i23(#) and Xn,i4s(^) 
are therefore (unconditionally) independent and identically distributed so 
that 

E [Xn,12 3 (0)Xn,14 5 (0)] = E [Xn,12s(0)] E [Xn,14 5 (0)] • 
As before this last observation yields 

3) (l) C 2 ^ ^".™WXn,i46W] = • E [T n (9)} 2 (68) 



by virtue of (1301) . 

The evaluation ([63|) - ([M]) of the moment E [Xn,l23(0)Xn,l24(#)] is rather 
lengthy, although quite straightforward; details are given in Appendix [Bj 
Reporting (|55 ]l -(|5i |) . (1571) and flBH]) into (JUBJ) establishes Proposition O ■ 

In preparation of the proof of Proposition 17.11 we note that Proposition 
18.11 readily implies 



E[T n (0)f E[T n (0)] 

+ 



\ V3^ V3^ / 

3(n-3) E[Xn,123(6 , )Xn,124 



(J) E 1x^138 W] 5 

for all n = 2, 3, . . . as we make use of (|4ip . 



9 A proof of Proposition 17.11 



Consider any scaling P,K : No — > No satisfying (|42l) - (l43l) . By Proposi- 
tion [BT2] we have limn^oo n 3 (](9 n ) = oo under the additional condition (fT3|) . 
whence 

lim E [T n (0 n )] = oo 
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by virtue of (|4"Tj). 

As pointed out earlier the equivalent conditions (|42p - (|43p imply 

3K n < P n (70) 

for all n sufficiently large in No- On that range (|69|) is valid with replaced 
by 6 n . Letting n go to infinity in the resulting expression, we note that 



n— *oo 



It is plain that the convergence (|6ip will hold if we show that 

lim l^^M0n)XnM0n)] = Q 

In order to establish (fTTj) under the assumptions of Proposition 17.11 we 
proceed as follows: Recall from Lemma 15. II that 

E [Xn,i23(0n)] 2 = I3(6 n f > (1 - q(9 n )f , (72) 

and from (|63|) observe that 

J_ E [Xn,123(&n)Xn,124(0n)] 
n2 ' (E[ Xn> 123(0n)]) 2 

1 (l-q(0 n )f + 2 (l-q(6 n )) 2 



n 2 /3(^) 2 n 2 

<P(9 n )-(l-q(9 n ))^ 2 



n 2 g(0 n ) V /9(e„) 



1 Ek= O Ck(0n)- q(e n 
n 2 ' /3(0 n ) 2 



+ j_ . ^ fc =°^;;; 2 ^ n; (73) 



for all n = 3, 4, 

Let n go to infinity in ([73]) . Using (f53|) (once with a = 5 and 6 = 2, then 
with a = 2 and b = 1), we get 



1_ (1 - g(fl n )) 5 

n->oo n 2 /?(6*n) 



and 

n->oo n z P(^n) 
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The convergence 



Km j,. » ( w-a-^-y y^ (76) 



is immediate since 

0(e n ) - (1 - g(0 n )) s 



< 1, n = 2,3,... 



and lim^^oo g(^ n ) = 1. Consequently the proof of Proposition 17.11 will be 
completed if we show 

Proposition 9.1 For any scaling P, K : No — > No satisfying fi2j) - if33]) . we 

have 

l Ef = o^(^)-g(^n) 4 
n^oo n 2 /5(6 , n ) 5 

under the condition H3\). 



z:\* y n> =o ( 77 ) 



The proof of Proposition 19.11 will proceed in several steps which are 
presented in the next three sections. 

10 The first reduction step 

We start with an easy bound. 

Lemma 10.1 With positive integers K and P such that 2K < P, we have 

ci(0) < 1-9(0). (78) 



Proof. Specializing (|65p with k = 1 we get 
die) = F[\K 1 (9)nK 2 (e)\ = l,(K 1 (9)UK 2 (e))nK i (9) = ®, i = 3,4] 

< p [1^(0) n ic 2 (£>)| = i] 

< p [|#! (0)n ir 2 (6>)| > i] 

and the conclusion is immediate as we identify 

F WK^O) n K 2 (0)\ > 1] = P [i^(0) n A' x (0) ^ 0] = 1 - 9(0). 
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Lemma 10.2 With positive integers K and P such that 3K < P, the 
monotonicity property 



cm c 2 (9) 

c (9) ~ ci(0) " 



> 



c K (9) 

C K -l(0) 



(79) 



holds. 

Proof. Fix k = 0, 

c k (9) 



, K — 1. From the expression (|64p we note that 



(fc+l) (jf-fe-l) ( 



P-K" \ (P-2K+k+l\ 2 



K 



(K\ (P-K\ (P~2K+k\ 2 
\k)\K-k)\ K ) 



(K - kf 



P-2K + k + l 
k + 1 P -3K + k+l' P-3K + k + l 



(80) 



and by considering each factor in this last expression we readily conclude 
that the ratio ~^jrgp decreases monotonically with k. ■ 



Lemma 10.3 For any scaling P, K : No — ► No satisfying ([12 

C 2 (#n) 



< 1 



Cll 



3), we have 
(81) 



for al/ n sufficiently large in Nq 



Proof. Pick a scaling P, K : N -> N satisfying (|g2 |) -([33 |) so that (J70D 
eventually holds. On that range replace 9 by 9 n in (|80p with = 1 according 
to this scaling, yielding 



C 2 (gn) = 1 (K n ~ I) 2 P« - 2K n + 2 

d(0 n ) 2 ' P n - 3K„ + 2 ' P„ - 3K n + 2' 



The inequality 



(l-?(0n)) - 



-1 c 2 ( 



^-•(l-^n))" 1 



P — 2/^ 



P?i 3K n P n 3K n 



readily follows. 
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Now let n go to infinity in this inequality: Recall the consequence (|45p of 
the assumption (|4"2"j) - (|4*3"j) and use the equivalence (|44p to validate the limits 

lim (l-QiOn))- 1 p K \ K =1 

and 

Pn ~ 2K n 

lim = 1. 

n-*co P n - 3K n 

As a consequence, 

limsupa-^))" 1 ^^ 
and the desired conclusion is now immediate. ■ 



Combining Lemma 110.11 Lemma 110.21 and Lemma 110.31 will lead to the 
following key bounds. 

Lemma 10.4 For any scaling P, K : No — > No satisfying (!42j) -([4"3 ]) . we have 
c k (8 n ) < (l-q(9 n )) k , k = l,2,...,K n (82) 
for all n sufficiently large in Nq. 



Proof. Pick a scaling P, K : N -> N satisfying (j42]) - (|43j) . For each 
n = 2, 3, . . ., we can use Lemma 110. II and Lemma 110.21 to conclude that 



ci(^) 

£ (iSf 1 -* 1 -*^ (83) 

with fe = 1, . . . , K n . The desired conclusion is now a simple consequence of 
Lemma ll0.31 ■ 



We are now in a position to take the first step towards the proof of 
Proposition 19. 1[ 
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Proposition 10.5 For any scaling P, K : No — > No satisfying if32 ]) -if33 ]) . we 

have 

J_ . Ek= 5 Ck( 9 n ) 

under the condition (Wl). 



Proof. Pick a scaling P, K : N -> N satisfying ([32>(|I3]) . The result 
is trivially true if K n < 4 for all n sufficiently large in No- Thus, assume 
from now on that K n > 5 for infinitely many n in No - In fact, there is now 
loss of generality in assuming K n > 5 for all n sufficiently large in No- From 
Lemma 110.41 it follows that 

k=5 k=5 

oo 

< 

k=5 

(85) 



E(l-^n)) J 

k=5 



q(0n) 

for all n sufficiently large in No- Letting n go to infinity in this last inequal- 
ity we readily obtain (|84p as an immediate consequence of Proposition 16.31 
to wit (|53p (with a = 5 and 6 = 2). ■ 



11 The second reduction step 

It is now plain from Proposition 110.51 that the proof of Proposition 19.11 will 
be completed if we show the following fact. 

Proposition 11.1 For any scaling P, K : No — > No satisfying iB2 ]) -iH3 ]) . we 

have 

lim -1 • StM»C fc (y -g(gn) 4 = Q (g6) 
n-+oo 7^ P\yn) 

under the condition UM. 
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To construct a proof of Proposition 111.11 we proceed as follows: Fix 
positive integers K and P such that 3K < P. By direct substitution we get 



1 



fc=0 

4 (K\(P-K^ / ( P- 



4 ^ ( P_ir ) / (P-2K+k\ \ 2 / (P-K\ \ 4 



E 



k=o (k) V (x) / \ (k) J 
P\ " 4 /A /P\ /iO /P - JT\ (P-2K + k\ 2 (P-K^ A 



E 



A'/ \^\K \k \K-k \ K \ K 

\k=0 



G(9) 

where we have set 
F(0) 



(87) 



\fe=o v 7 



P\ /A\ /P - K\ fP - 2K + k y fP- K 
k)\K-kj[ K I ~\ K 



and 

GW:=(^p|^) 4 = |l(P-/) 4 . (89) 

In this new notation Proposition 1 1 1 . ll can be given a simpler, yet equiv- 
alent, form. 



Proposition 11.2 Consider any scaling P, K : No — > No satisfying fI2\ 
(I43|) . The convergence ( 186)) holds if and only if 



1 P(0n) 

™ n 2 /3(# n ) 2 P 4 



Proof. Pick a scaling P,K : No — > No satisfying (fl2]) - (jl3j) and assume 
that (|13p holds. The desired equivalence is an immediate consequence of 
the expression (|87p as we show below the equivalence 

G(0 n )~P n 4X ". (91) 
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By (j89|) this last equivalence amounts to 

"a n ( V ) = («) 



n— >oo 



To establish this convergence, fix n = 2, 3, . . . and note that 



pi in \ p 

The bounds 

are straightforward, while simple calculus followed by a crude bounding 
rgument yields 

^A K " - C K t Kn ~ x dt < 



With the help of ()94p we now conclude that 

'-^ s nN sl (95) 

Letting n go to infinity in this last expression yields the conclusion 

lim fl f 1 " jr) = 1 ( 96 ) 

n->oo -«- J- \ P I 

e=o v n 7 

by virtue of ([MP , and this readily implies ([92]) via ([93]) . ■ 

The following bound, which is established in Section [T2"| proves crucial 
for proving the convergence (190p under the assumptions of Proposition 111. 1L 



Lemma 11.3 For any scaling P, K : No — > No satisfying < I42|) -(|43 |) . we have 

F(0„) < <P n 4K "" 3 (97) 
for aii n sufficiently large in Nq. 
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While Lemma 111.31 is established in Section [T2l the proof of Proposition 
111.11 can now be completed: Pick a scaling P, K : No — > No satisfying (|42p - 
(I43p and assume that (|13p holds. By Lemma lll.3l we get 

1 m) s ^ • 3 («) 



n 2 /3 2 (# n ) P 4 *" " n 2 /3 2 (0 n ) P 3 

for all n sufficiently large in No- Invoking Proposition 16.21 we then conclude 
that 

IK 4 IK 4 



n 2 /? 2 (0 re ) P n 3 n 2 r(0 n ) 2 P n 3 



a 4 

n 



< 



K 4 



a 2 \ 

n 2 ^J . (99) 

The validity of (|90p follows upon letting n go to infinity in (|98p and using 
([99]) together with the consequence (j5"T|) of (fl"3j) discussed in the proof of 
Proposition 16.31 The proof of Proposition 111.11 is completed with the help 
of Proposition 111.21 ■ 



12 Towards Lemma 111.31 

We are left with proving the key Lemma 111.31 To do so we will need to 
exploit the structure of F(8): Thus, fix positive integers K and P such that 
3K < P, and return to ([88]) . For each k = 0, 1, . . . ,4, easy algebra shows 
that 

(Kiy 



P\ (K\ (P -K\(P -2K + k 
KJ\k)\K-k)\ K 

PI ( {K\) 2 {P -2K + k) 



k\(P-2K + k)\ \K\(K - k)\(P - 3K + k)\ 
P\(P-2K + k)\ ( K\ 



k\ \(K - k)\{P - 3K + k)\ 
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i^ 2 



= kll k ) -b K ,m (100) 
with 

,_ P\(P-2K + k)\ 
hK ' k{9) - ((P-3K + kW (101) 

Next, it is plain that 

iKi ey.= m H P :"X=(£^m'. (102) 



K ) \{P - 2K) 
Reporting these facts into (|88p we readily conclude 

4 /r^\ 2 



= fe*' " "M*)- (103) 



By direct inspection, using (jC.ip and (|C.3p in Appendix O we check 
that -F(#) can be written as a polynomial in P (of order 4RT), namely 



4K 4K 



F{6) = £ a4K-i(K)P e = Y ae(K)P 4K - £ (104) 

1=0 1=0 

where the coefficients are integers which depend on 6 only through K. The 
first six coefficients can be evaluated explicitly. 

Lemma 12.1 With positive integers K and P such that 3K < P, we have 

oq(K) = a 1 (K) = a 2 {K) = (105) 



and 

whereas 
and 



a 3 (K) = K A (106) 
a 4 (K) = -6K 6 + 6K 5 - K A (107) 



a 5 (K) = -^K w + -K 9 + —K* - UK 7 + 
bK ' 120 6 12 120 

161 = 209 . o 24 9 , , 

H K 5 K A + 20K 3 K . 108 

6 6 5 
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The fact that (|108p defines a polynomial expression in K with rational 
coefficients does not contradict the integer nature of a§ (K) . In what follows 
we shall find it convenient to write 

4(K) = a 5 (K) + ±K 10 . (109) 

The proof of Lemma 112.11 is tedious and is given in Appendix [Cj For the 
remaining coefficients, we rely on the following bounds which are also derived 
in Appendix [Cj 

Lemma 12.2 With positive integers K and P such that 3K < P, we have 
\a e (K)\ < 2- (l2K 2 ) e , £ = 0,1,...,4K. (110) 



As expected these bounds are in agreement witht the exact expressions 
obtained in Lemma ll2.ll for £ = 0,1, ... ,5. 

A proof of Lemma 111. 31 can now be given: Pick a scaling P, K : No — > No 
satisfying (|42p -(|43p and replace 6 by 9 n in (|104p according to this scaling. 
As Lemma [12.11 implies 

4,K n 

F(0 n ) = <P n 4 ^" 3 + £ a e (K n )P^~ e (111) 

for all n = 2, 3, . . ., the bound ([97]) follows if we show that 

^a e (K n )P^<0 (112) 

for all n sufficiently large in No- 

To do so, apply (jllOp and use elementary arguments to get 

e=6 



1K n 



< ^\a £ (K n )\P^ 

< J> (12^)^" 



e=6 



12K^ 

Pn 
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< 2R 



•1A'„ 



12K: 



T - e v^V ( 113 ) 



2\t 



2R 



4K r 



Pr, 



( 12K, 



P, 



Pn 



for all n large enough to ensure 12K 2 < P n , say n > n\ for some finite 
integer n\; this is a simple consequence of condition ([1"2"]) - (|4"5]) . 
On that range, going back to (|112p . we find 

4K n 

^az(K n )P^-* 



< a A (K n )P* K -- i + a b (K n )P^-> + 



4K n -5 



4K n 



Y, a i(K n )P, 



iKn-t 



e=6 



< a 4 (K n )P* K "- 4 + a 5 (K n )P^-* + 2P 1 



4K n -5 



fl2K, 



2\ 6 



V Pn 



12K- 



-2\ -1 



Pn 



p 4A" n -5 t 
1 n ' 



(114) 



where 



L n := a 4 (K n )P n + a 5 (K n ) + 2(12) 6 ^ ^ ■ ( 1 

± Tl 



p n 



Therefore, (|112p will hold for all n sufficiently large in No provided 

L n < (115) 

for all n sufficiently large in No- This last statement will be established by 
showing that L = — oo where 

L := limsup L n . 

n— >oo 

That L = — oo can be seen as follows: We begin with the bound 

a A (K n ) = -K 4 n (6K n (K n - 1) + 1) < -K% (116) 
for all n = 1, 2, . . .. Next, condition (|4"2" ]) -(|lg ]) implies 



K 2 ( UK 2 
lim ^ ■ f 1 



Pn 



Pn 



0. 



(117) 
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whence there exists some finite integer n\ such that 

2(i2) 6 — «. 1 ») < , n>no. 118 

V ^ Pa V Pn ) ~ 240' " 2 V ^ 

Now, set n* = max (n*, n^), and recall the definition (|109|) , On the range 
n > n*, both inequalities (| 1 14j) and (|118p hold, and we obtain 

a 4 (K n )P n + a 5 (K n ) + 2(12) 6 ^ ■ ■ ( 1 - J 

/ 1 /T 2 / 1'2K 2 \~ 1 \ 

= a,{K n )P n + ai{K n )+l-— + 2{Uf-^.(l-^} \ K™ 

< -K*P n + a* 5 (K n ) (119) 
upon making use of (|116|) . To conclude, set 

V : = limsup (a* 5 (K n )) (120) 

n— +oo 

and note that L* is necessarily an element of [— oo, oo), i.e., it is never the 
case that L* = oo. This follows easily from the fact that the mapping 
K+ — > M + : x — > (x) is a polynomial of degree 10 whose leading coefficient 
(— 24q) is negative. As we recall (f4*6l) under (|42p - ([4"3"]h it is now plain from 
(I119|) that L = — oo by standard properties of the lim sup operation. ■ 



Careful inspection of the proof of Proposition 111.11 given at the end of 
Section [11] shows that the inequality (|97p of Lemma 111.31 could be replaced 
without prejudice by the following weaker statement: For any scaling P, K : 
No — > No satisfying (|42 p -(|43 p . there exists some positive constant C such 
that 

F(0 n ) < CK*P* K "- 3 (121) 

for all n sufficiently large in No- 

Now, from only the knowledge of the first four coefficients in Lemma 
112.11 we can already conclude that 

FiK.P) , , 

lim ) ' '- = 1 (122) 

for each K = 1,2,..., so that for each e > there exists a finite integer 
P*(e,K) such that 

F(K,P) < (l + e)K i P iK ~ 3 , P>P*(e,K) (123) 
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Unfortunately, the threshold P*(e,K) is not known to be uniform with 
respect to K, and the approach does not necessarily imply (|12ip (with C = 
1 + e) unless the sequence K : No — > No is bounded. This technical difficulty 
is at the root of why more information on the coefficients a${K) and a${K) 
(as provided in Lemma ["12.ip is needed, and paves the way for the subsequent 
arguments behind Lemma lll.31 
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A Establishing (1491 ) 

With positive integers K, P such that 3K < P, we note that 
r(6) ({P-2K)\\ 2 {P-2K)\ P\ 



q{9) 2 \{P-K)\J (P-3K)\ {P-K)\ 

Jj 1 ( P-2K- A yr f P-l 

£=0 v 7 ^=0 v 

K-l / ^ 



and elementary bounding arguments yield 



P-2K) J ~ q{8) 2 ~ \ \P-K 

Pick a scaling P, K : No — > No satisfying the equivalent conditions (j42[> — 
(|15|) and consider n sufficiently large in No so that (|47p holds with c = 3. On 
that range, as we replace 9 by # n in the last chain of inequalities according 
to this scaling, we get 

' \ 9\ / o\ An 

K n \ 2 \ <1 _H^L <1 (1 f ^ 



Pn-Kj J q(9 n ) 2 ~ y \P n -2K n 

A standard sandwich argument will imply the desired equivalence (J49]) if we 
show that 

i-('-G^)X"~f ^ 

To establish ()A.2p we proceed as follows: Fix c = 1, 2 and on the appro- 
priate range we note that 



s 0\ ^ n 

K n 



P n cK n 

K n t Kn ~ l dt 



t- n —cn. n J 

k \ 2 r 1 ( ( k ^ 2 
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after performing the simple change of variables t = 1 — ^ p *^™ K J r. 
Next we invoke (1451) to find 



_2(l + o(l)) = " (i + (i)), (A.4) 



-fn cK n J \ P n J P 1 

so that 

It is now plain from (|A.3[) and (|A.5|) that (|A.2|) holds provided 

l / / 2 \ 1 

Jim / [ 1- ( „ Kn _„ ) r| dr = l. (A.6) 



\ \Pn ~ cK n 



This is a consequence of the Bounded Convergence Theorem since 



n— >oo 



2 \ 



Jim I i _ ( ^ ] r| =1, < r < 1 



upon noting by elementary convergence results that 

BmW — Vr- Um f«t V = 

n— oo \P n -cK n J n^oo\P n J\P n J 

across the range as a direct consequence of (|4"3|) and (pX5]> . 



B Evaluating (I63l)-(I64T) 

For notational convenience, we define 



Kij := [Ki(0) n Kj(9) ? Q\. 



for distinct i,j = 1,2, ...n. Moreover, for any non-empty subset S of 
{1, . . . , P}, we write 



K Si := [snKi(e)^% 



1, . . . ,n. 



In what follows we make repeated use of the decomposition (|35p . Begin- 
ning with the observation 

E[x M23 (0)x„,i24(0)] 

= P[K 12)J Ff 13 , ^23,^14,^24] 

= P [K l3 , K 23 , K U , K 24 ] - P K 13 ,K 23 ,K 14 , K 24 ] . (B.l) 
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we shall compute each term in turn. 

To compute the second term in (jB.ip we condition on the sets K\ and 



K 2 such that K\ nK 2 = $. Thus, 

P [K? 2 , K 13 ,K 23 , K u , K 24 ] 

P [Ki = S, K 2 = T, K S3 , K T3 , K S4 , K T4 ] 

\S\=\T\=K,SnT=<b 

J2 P [Ki = S,K 2 = T]F [K S3 , K T3 , K S4 , K T4 ] 

\S\ = \T\=K,SnT=$ 



as we note from © that P [J^ 3 ] = P [K£ 3 ] = q(9) for 5 and T in with 
P [K C S3 , K* 3 ] = r(0) whenever S n T = 0. 

We now turn to the first term in (|B. 1|) . Again, upon making repeated 
use of ([33]) we find 



P [K 13 , K 23 ,K U ,K 24 ] 

= P [K 23 , K U ,K 24 }-¥ [K c 13 , K 23 , K 14 , K 24 ] 

= P [Ku , K 24 ] - P [K 2 C 3 , K 14 , K 24 ] - P , K u , K 24 ] + P [K c l3 , if 2 C 3 , K 14 , K 24 ] 
= (1 - c/(0)) 2 - 2P [if 2 c 3 , K 14 , K 24 ] + P [isTf 3 , ^ 2 C 3 , K 24 ] - P K c 23 , K u , K 24 ] 
= (1 - q(0)) 2 - 2P [K 2 C 3 , K 14 , K 24 ] + P [iSTf 3 , i^ 2 c 3 , K 24 \ 

- P [K c 13 , K c 23 ,K c lA ] + P [K&, K% 3 ,K U , K c 24 ] (B.3) 




g(0)(l-2g(0)+r(0)) 2 



(B.2) 
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as we note that P [K^,K U , K 24 ] = P [K^ 3 , K u , K 24 \. Next, we find 
P [K c 23 , K U , K 24 \ = P \ K * = S, K c 23 , K 81 ,Ks2] 

\S\=K 

= ^2f[K 4 = S]F [K c 23 , K S i , K S2 ] 

\S\=K 



E (k) V[K s1 }-F[K c 23 ,Ks2] 

\S\=K ^ ' 

E (^) (1-9W)-9W(1-?W) (B.4) 
|5|=i^ ^ ' 

ffW(l-ffW) a (B.5) 



upon using (f36|) in (|B.4|) . 

In a similar manner, we obtain 

P K 2 C 3 , K 24 ] = E P ^ = S, K C 13 ,K C S3 ,K S4 \ 

\S\=K 

= E P [K2 = S]F [K c 13 ,K c S3 ,K Si ] 

\S\=K 



E p [^ 4 ] -p [^3,^13] 



|S|=Jf 
\2 



qW(l-q(0)) (B.7) 



where ()B.6p follows from (|37]l. 
We also get 



\S\=K 

= E ^[Ki = S]¥[K c S3 ,Kl 3 ,K c S4 ] 



\S\=K 



E Q p[if| 4 ]-p[^ 3 ,ir 2 c 3 ] 

\S\=K V ' 
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E i p Xm-m 2 

Cl_ TS ^ ' 



\S\=K 

= q(Of. (B.8) 

Finally consider the term P [^13, K^, K14, K24]' By conditioning on the 
cardinality of the intersection K\ n we obtain 

V[K C X3 ,K C 23 ,K C U ,K C U ] 

E P = 5 ' ^ = T, K C S3 ,K^ 3 , K C S4 , KU 

\S\ = \T\=K 
K 

= E E E P [^1 = ^ = T, i^ 3 , Kfa, K C S4 , KU 

\S\=K k=0 \T\=K,\TnS\=k 
K 

= E c *w ( B - 9 ) 

fc=0 

where for each k = 0, 1, . . . , K, we have set 

c fc (0) := E P[A"i = 5,K 2 = T,A^3,^3,^ 4 ,^ 4 ] (B.10) 

\S\=\T\=K,\TnS\=k 

E P [Ki = 5] P [i*T 2 = T] P [1^3, i^ 3 ] • P [tff 4 , tf£ 4 ] 

|S|=|T|=ftr,|Tn5|=fe 

= e p = s ^ E p = n p [if| 3 , • p k c T4 \ 

\S\=K |T|=?f,|TnS|=fc 

= E (k) E (k) v[k c S3 ,kz 3 ).f[k c S4 ,k^] 

\S\=K ^ 7 \T\=K,\TnS\=k ^ 7 

|S|=K v 7 |T|=_ftT,|TnS|=fc v 7 \ vKV / 

py 1 (k\(p-k\ /py' (C-f*"^ 2 



\S\=K 

and the expression follows (|64p . 

Substituting (jR2j) and <|B3|> (with the help of (R5]), (|E?7l> . (TrTSj) and 
(BHH ) into (|BTT|> . we find 

E [Xn,123(0)Xn,124(0)] 



3G 



= (1 - q{9)) 2 - 2g(0)(l - q{9)) 2 + q{9) 2 {\ - q(9)) - q(9) 3 

K 

-q{9) (1 - 2q{6) + r{e)f + £ Cfc (0) (B.12) 

fc=0 

where we have used the notation (|64p . 

As we seek to simplify this last expression, we note that 

(1 - q{9)) 2 - 2q{9){\ - q{9)) 2 + q(9) 2 (l - q{9)) - q{6f 
= (1 - q(9)) 2 (1 - 2q{6)) + q(9) 2 (l - q(9)) - q(9) 3 
= (1 - q{9)) 2 (1 - 2#) + q{6?) - q(9)\l - q{9)) 2 

+ q{6f{l-q{6))-q{6f 
= (1 " q{0)f + q{8? ((1 - q{9)) - (1 - ,(6I)) 2 ) - g(0) 3 
= (1 - q(0)) 4 + q(9) 2 (l - #)) (1 - (1 - g(0))) - g(0) 3 
= (l-q(9)) 4 + q(9f(l-q(e))-q(8f 

= (l-q{9)f-q{9)\ (B.13) 

Next, we observe that 

q(9)(l-2q(9)+r(9)) 2 

= q{9){l-2q(9) + q(8f-q(8f+r(9)f 

\l - q(9)f - {q{9f - r(9))\ 

(1 - q(9)f - 2 (1 - q(9)f (q(9) 2 - r{9)) + (q(9) 2 - r(9))' 
= q{9) (1 - q(9)f - 2q(9) (1 - q{9)f (q(9) 2 - r(9)) 

+ q(9){q(9f-r{9)f . (B.14) 

Subtracting (|B.14p from (|B.13P gives 

(1 - q{9)) A - q(9) 4 - q{9) (1 - 2q{9) + r(9)f 
= (1 " q{9)f ~ q{9f - q{9) (1 - q(9)f + 2q{9) (1 - q{9)f {q{9) 2 - r{9)) 

-q(9) (q{9f-r{9)) 2 
= (1 - q{9)f (1 - q{9)) - q{9f + 2q{9) (1 - q{9)f (q{9? ~ r{6)) 

-q{9) {q{9f-r{9)f 
= (1 " q{9)f ~ q(9) 4 + 2q(9) (1 - q{9)) 2 {q(9) 2 - r(9)) 

-q(9){q(9) 2 -r(9)) 2 . (B.15) 
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Reporting the outcome of this last calculation into (|B. 12[) we then get 

E[Xn,123(0)Xn,124(0)] 

= (1 - q(9)f + 2q{9) (1 - q{9)) 2 (q{9? - r{6)) 

K 

- q(0) {q{0? ~ r{9)f + £ c k (9) - q{9)\ (B.16) 

fc=0 

and the conclusion (|63|) follows as we make use of the expression (|26|) for 

C Proofs of Lemma 112.11 and Lemma 112.21 

The proofs of both Lemma 112.11 and Lemma 112.21 will make use of the fol- 
lowing observations: Pick positive integers K and P such that K > 4 and 
3K < P, and recall the expressions (jlOip and (|102p appearing in (|103p . 
Fix k = 0, 1, . . . , 4. The product 

A' 3A"-fc 

= ~~ 3if + k + i) ■ H (P - 3K + k + j) (C.l) 

i=i j=i 

has -fC + (3K — k) = AK — k factors, hence defines a polynomial expression 
in P with leading term p 4K ~ k ^ sa y 

AK-k 

b K ,k(P) = E MK)P £ (C2) 

£=0 

for some integer coefficients /3k t o(K), . . . ,Pk,4K-k{K) with j3k^K-k{K) = 1. 
On the other hand, the expression 

(K \ 4 /2K-1 \ 4 

HOP - 2*: + 2)J = (n( p - i )J (°- 3 ) 

is a product of 4i^ factors with leading term P 4 ^, and we can write it as a 
polynomial in P, namely 

bK(P) = Y,M K ) p£ ( C - 4 ) 
for some integer coefficients /3q(K), . . . ,(5±k{K) with P^xiK) = 1. 
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Direct substitution followed by elementary manipulations gives 
4 /T ^\ 2 



= E* ! (T) • 

i — n \ / \ 0— n 



fc=0 v ' \ 1=0 

4 / 2 fAK-h 4K-k 

!>(*) ■ £/M*)i* + E Pk,i(K)p* 



fc=0 v ' \ £=0 £=4^-4 



I min(4A--^,4) 2 

E E WfW*)]^ 



and it is then plain that 

F{e) = E fc! (T) 2 -m 

4K / min(4K-£,4) . . 2 \ AK 

= E E *C) m«) p'-Ea^- 

£=o \ fc=o v J J e=o 

Finally, upon comparing with (|104p we get the relations 

for all £ = 0, ... , AK. 

C.l A proof of Lemma 112.21 

We begin with some simple observations: For some positive integer M, 
consider the mapping R : R — ► R given by 

M 



R { x ) = ] [ ( x ~ r m) > x e 



m=l 



with scalars n, .. . ,t"m, not necessarily distinct. Obviously, R : R — > R is 
a polynomial (in the variable x) of degree M with all its roots located at 
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r±, . . . , rjvf. It can be written in the form 

M 

R(x) = PM- m x m , xeR (C.6) 

for some coefficients po,...,pm with po = 1; these coefficients are uniquely 
determined by the roots r%, . . . , tm- In fact, for each m = 0, 1, . . . , M, the 
coefficient p m of x M ~ m is given by 

Pm = (-irV r fcl ...r fcm (C.7) 

^(fei,..,t ra )eM m 

where .M m denotes the collection of all unordered m-uples drawn without 
repetition from the set of indices 1, . . . , M. Obviously |.M m | = (^) and the 
bounds 

\ Pm \ < Pf) • {r*) m < (Mr*) m (C.8) 

hold with r* given by 

r* := max(|r m |, m = 1, . . . , M) . (C.9) 

Now we turn to the proof of Lemma 112.21 Pick positive integers K and 
P such that K > 4 and 3K < P, and fix i = 4, 5, . . . , 4K - We shall give 
a proof only in that range for simplicity of exposition; after all the desired 
bounds are already implied by the exact expression for ao (K ),..., 03 (K) 
given as part of Lemma 1 12. 11 On the range £ = 4, . . . , 4K, the bound (|C.5P 
already implies 

\a e (K)\ < (X> ! (f ) \0 k ,4K-l(K)\j + \fa K -e(K)\ . (C.10) 

For each k = 0, 1, . . . , 4, we note that 

iA 2 ,.(K k \ 2 K 2k 



k \k) £fc! UJ = "T' (C ' U) 

We then apply the bound (l08]l - (fCT9]) to the polynomal b K ,k- From <!C3i) 
we get the values M = 4K — k and r* = 3K — (k + 1), Also, we note 
that P k £K-ll{K) is the coefficient of P AK ~ e (thus of p4K-k-(£-k)^ in the 
polynomial bx,k(P) of order 4.K" — Therefore, applying the bound (jC.8P - 
(IC3|) we find ' 

|/3 M *-*(iOI < ((4tf-A;)-(3if-(fc + l)))^ 

< (!2K 2 Y~ k . (C.12) 
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In a similar way, we apply the bound (|C.8P - (|C.9P to the polynomial bx- This 
time, (|C.3p gives M = AK and r* = 2K — 1, and we conclude that 

\P4K-e(K)\ < (4K) e ■ (2K - if < [SK 2 ) 1 . (C.13) 
Collecting the bounds (|C.11|) . (|C.12|) and (|C.13P we see from ([CTTO]) that 



fc=0 



= C e (l2K 2 ) (C.14) 

with 



fc=0 

It is a simple matter to check that Cg < 2. 



C.2 A proof of Lemma 112.11 

The basis for the proof can be found in the expression (|C.5|) for the coeffi- 
cients ao(K), . . . , a^K (K) . 

For I = 0, this expression becomes 

ao(K) = Poak(K) - (3 4K {K) = 1 - 1 = 0. 

For £ = 1, we get 

ai(iO = /3 ,4^-i(^)+^ 2 /?i,4^-i(^)-/34^-i(i^) 

£T / 2K-1 \ 



^(3K-£)-^(3K-j)+K 2 - -4 £ 

^=1 j=l \ i=K 



I 



where we have used the formula (|C.7p to evaluate Po^K-iiK) and (34K-i(K). 
For ^ = 2, this approach yields 



a 2 (K) 
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and this leads to 

3K-2 3K-1 3K-2 3K-1 /3A-1 \ /3K-1 \ 

i=l j=i+l i=2A j'=i+l \i=2A' / V i=l / 

'3A-2 3A-2 \ K 2 (K - l) 2 



E*+ E + 

\ i=l j=2A-l 



2 



, N 2 2A-2 2A-1 /, x 2JC-1 

■E*E,- + E 

y i=K j=i+l v 7 i=A 



= 0. 

For I = 3, straightforward computations give 
a 3 (K) (C.16) 

(3K-3 3K-2 3K-1 3K-3 3K-2 3K-1 
E^E^E^'+E^E^E^ 
v=l i=v+l j=i+l v=2K i—v+1 j=i+l 

'3K-1 3K-2 3K-1 3K-1 3K-2 3K-1 

E*-E*E-? + E*-E*E^ 

i=l i=2K j=i+l i=2K i=l j=i+l 

(3K-3 3K-2 3K-3 3A"-2 / 3A"-2 \ /3K-2 \ 

E*E;+ E *E^+ E ( E * 
i=l j=t+l i=2A-l j"=i+l \i=2A-l / \ i=l / 

_ if 2 (if -l) 2 / 3 g 3 . + 3 g 3 A + if 2 (if -l) 2 (if -2) 2 

\ j=l i=2A-2 / 

/,\ 3 2A"-3 2A-2 2A-1 /, N /jlN 2A-1 /2A-1 N 

+ E»E<E,+ E/ E-i 

v 7 V =K i=v+l j=i+l V / V / J= x \ i=K , 

2A-1 

+ E* 3 



^ ,=A 



K 



as announced. 

For 04 (K), we proceed in a similar manner to ge10 

04 (if) (C.17) 



1 Evaluating the expression (|C.17|I (as well as ()C.18|) given next) by hand is quite 
cumbersome. To avoid this, one can make use of a computer software (e.g., Mathematica, 
MATLAB) that can perform computations symbolically. 
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3K-4 3X-3 3K-2 3K-1 3K-4 3K-3 3K-2 3K-1 

1=1 v=l+l i=v+l j=i+l l=2K v=l+l i=v+l j=i+l 

3A'-1 3A'-3 3A-2 3A-1 3K-1 3K-3 3K-2 3K-1 

+ £*-£ u £ i £-?+£*-£ u £*£j 

i=l v=2K i=v+l j=i+l i=2K v=l i=v+l j=i+l 
( 3K-2 3A-1 \ (3K-2 3K-1 \ 3A-4 3K-3 3K-2 

i=l j=i+l J \i=2K j=i+l J v=l i=v+l j=i+l 

(3K-4 3K-3 3K-2 3K-2 3K-3 3K-2 
£ -£*£;+£- £ * £ j 
v=2K-l i=v+l j=i+l i=l i=2K-\ j=i+l 

3K-2 3K-3 3K-2 js2(ts i\2 3K ~ 4 3A-3 

-k 2 E '-E'E^+ ( 2 ' E'Ei 

i=2A-l i=l 3=i+l «=1 3=i+l 

t>-2/^ 1 \2 / 3A-4 3A-3 / 3A-3 \ /3A-3 

\i=2A-2 3=i+l \i=2A-2 / \ j=l 

K 2 (if - l) 2 (if -2) 2 



G 



£*+ £ < 

i=l i=2K-3 / 



K\K -l) 2 (if-2) 2 (if-3) 2 
24 



I • E < E « E ' E » 

7 Z=A" u=A+l i=-u+l j=i+l 



2/ VI 



r 2 



4\/4\ 2 2A " _1 l"2K-2 2K-1 2K~1 

■ £ y2 £ * £ j - v £ * + 

j^A V j=A 3=i+l i=A 
v 2A-1 /2K-1 \ / a\ 2 2K-2 2K-1 2K-1 

t) E '* Eh - • E j2 E J 2 - E i4 

' 3=A \ i=K / V 7 i=A" J=i+1 i=K 

= -6K 6 + 6K 5 - K 4 . 
Finally, 0,5 (K) is given by 
a 5 (#) (C.18) 

3A-5 3K-A 3K-3 3K-2 3K-1 

= -£ u £ / £ w £*£i 

u=l l=u+l v=l+l i=v+l 3=1+1 
3A-5 3A-4 3K-3 3K-2 3K-1 

-£ m £ z £ u £*£j 

u=2K l=u+l v=l+l i=v+\ 3=i+l 
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3K-1 3K-4 3K-3 3K-2 3K-X 

Y * • Y 1 Y v Y i Y 3 

i=l l=2K v=l+l i=v+l j=i+l 
3K-1 3K-4 3K-3 SK-2 3K-1 

Y i • Y 1 Y v Y i Y j 

i=2K 1=1 v=l+l i=v+l j=i+l 
^3^-3 3K-2 3K-1 \ (3K-2 3K-\ 

Y v Y i YA\Y i Y ^ 

v=\ i=v+l j=i+l J \i=2K j=i+l 
'3K-3 3K-2 3K-X \ (iK-2 3K-\ 

Y v Y i Y 3 \\Y 1 Y j 

^v=2K i=v+l j=i+l J V i=l j=i+l 

(3K-5 3K-4 3K-3 3K-2 3K-5 3K-4 3K-3 3K-2 

Y l Y v Y i Y 3 + Y iYvY^Yj 
1=1 v=l+l i=v+l j=i+l l=2K-\ v=l+l i=v+l j=i+l 

3K-2 3K-A 3K-3 3K-2 

+ ^ 2 E- Y v Y*Yi 

i=l v=2K-l i=v+l j=i+l 
3K-2 3K-4 3K-3 3K-2 

+ « 2 Y i -Y v Y i Y> 

i=2K-\ v=l i=v+l j=i+l 

(3K-3 3K-2 \ / 3K-3 3K-2 
i=l j=i+l J \i=2K-\ j=i+l 
js2t K i\2 /3K-5 3K-4 3K-3 3^-5 3K-4 3K-3 

Y v Y i Yi+ Y v Y l Y 3 

v=l i=v+l j=i+l v=2K-2 i=v+l j=i+l 
2 (3K-3 3K-4 3K-3 3K-3 3K-4 3K-3 

Y { - Y 1 Y 3 + Y i ~Y i Y j 

1=1 i=2K-2 j=i+l i=2K-2 i=l j=i+l 



K 2 {K-l) 



+ 



K 2 {K -1) 2 {K -2) 
6 



2 (3K-5 3K-4 3K-5 3K-4 

Y i Y j+ Y l Y 3 

i=\ j=i+l i=2K-3 j=i+l 



K 2 {K-l) 2 {K-2) 2 ^ , 3 ^ 4 

i=l i=2K-3 



6 



K 2 (K - 1) 2 {K - 2) 2 (K-3) 2 ( 3I J2 i+ ? 
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i=l i=2K-4 
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+ 



. 5 2K-5 2K-A 2K-3 2K-2 2K-1 

■ E u E 1 E v E i E i 

u=K f=tt+l u=-RT+l i=w+l j'=i+l 
4\ /4 X 3 



1 

2-ff-l /2K-3 2K-2 2K-1 2K-2 2K-1 2K-1 

x En E« E *E^E*E^ 2 E-' 

Z=R- y v=_ftT i=m+l i=i+l i=K j=i+l i=K 

2 / ,\ 2-RT-l (2K-2 2K-1 2K-1 



3 



/ W ?,=K \ j=_fs: j=i+X i=K 
2K-1 /2K-1 



L- 1 



V 7 i=K \ j=K 



2 i 2 



/A\ /A\ 2 2K ~ 1 (2K-2 2K-1 2K-1 

+ ()() -£» 3 £*£i-£+» 2 



/2K-1 

1 



£ - 1 1 £ i 



i=K \ j=X 

—if 10 + ijf + l^jf _ 34A" + l^jf + ™k« 
120 6 12 120 6 

209 A o 24 9 

if 4 + 20.fY 3 K 2 . 

6 5 
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